Abstract: This paper presents an optimal approach to the multi-objective synthesis of path following and rudder roll reduction for a container ship in heavy waves. An improved line of sight principle with course-keeping in track-belt is proposed to guide the ship in accordance with marine practice. Concise robust controllers for the course and roll motion based on Backstepping and closed-loop gain shaping are developed. The control parameters have obvious physical significance. The determination method is given and much effort is made to guarantee the uniform asymptotic stability of the closed-loop systems by Lyapunov synthesis. Furthermore, the multi-objective optimization method a fast and elitist multi-objective genetic algorithm (NSGA-II) is used to solve the restrictions caused by the model perturbation, external disturbance and performance trade-off. Contrasting with the existing literature, the research strategy and control performance are more in line with marine engineering practice. Simulation results illustrate the performances and effectiveness of the proposed system.
Introduction
With the development of automation, ship autopilot has been used to keep course, change course, follow path and roll reduction for the purpose of safety and economy. Most merchant ship autopilots are underactuated mechanical systems, especially for the path following autopilots with rudder roll reduction (PFA-RRR), which have become an active research field [1, 2] . For the PFA-RRR, some theoretical challenges hinder its widespread use on board surface ships, such as underactuated mechanism, non-minimum phase, performances trade-offs, the engineering significance of the control schemes and the uncertainties caused by the model perturbation and disturbances [3, 4] . Underactuated ships are only equipped with rudders and propellers for yawing and surging motions, while there are no actuators for direct control of roll and sway motions. In accordance with the Brockett necessary condition, it is impossible to stabilize the underactuated ships by time invariant continuous control laws [5] . Several novel control strategies have been proposed to solve the path following of underactuated ships [6] [7] [8] [9] .
Although the effectiveness of the PFA has been proven, the marine surface ships with PFA are still negatively influenced by the wave-induced roll motions, such as cargo damage, personal seasickness, equipment operation failures and even ship capsizing. Therefore, PFA-RRR is of prominent safety significance for ship navigation in heavy seas, because most ships now are only equipped with rudders rather than other roll reduction devices, especially for merchant ships. The mechanism of RRR is to compensate the wave-induced rolling by rudder-induced initial inverse response [9, 10] . Perez [3] and
•
An improved line of sight (LOS) principle with course-keeping in track belt (LOS-CT) is firstly proposed to guide the ship in field of marine practice, which can reduce the rudder movements greatly by keeping the ship in track-belt rather than following the exact route.
The uniform asymptotic stability proofs of the developed concise robust control design for the course and roll are given. The control parameters have obvious physical significance and can be determined easily.
• NSGA-II is recommended to solve the restrictions caused by the model perturbation, external disturbance and the performance trade-off for optimal control solution. The rest of the article is organized as follows: Section 2 presents the analysis and transformation of the nonlinear model of a container ship. Section 3 is devoted to systematic procedures for LOS-CT and concise robust controller design, together with stability proofs. Section 4 provides multi-objective optimization and Pareto-optimal solutions of the control scheme. In Section 5, simulation results and discussion are presented. Section 6 draws the conclusion.
Analysis of Mathematical Model
To design control system for roll stabilization, it is necessary to incorporate roll motion to the horizontal plane model, i.e. restoring moment due to gravity and buoyancy must be included. The resulting maneuvering models including roll (surge, sway, yaw and roll) have been concluded in [4, 10] . Thereinto, a four degrees of freedom (DOF) nonlinear model of a high speed container ship was proposed by Son and Nomoto [24, 25] , just as shown in Figure 1 . where m denotes ship mass, and I x , I z denote the moments of inertia about the x and z axes, respectively. m x , m y and J x , J z denote the added mass and added moments of inertia. α y is the x-coordinate of the center of m y , while l x and l y are the z-coordinates of the centers of m x and m y respectively. x G is the distance of gravity center in front of the midship. (ψ, φ) are the yaw and roll angle in the earth-fixed coordinate frame. (u, v, r, p) denote surge, sway, yaw and roll velocities. (τ X , τ Y , τ N , τ J ) are recognized as control inputs. W ∆ is the ship displacement weight and GM is the transverse metacentric height. (X, Y, N, J) denote the hydrodynamic forces and moments, which are defined by third-order Taylor series expressions with small coefficients neglected.
The rest of the article is organized as follows: Section 2 presents the analysis and transformation of the nonlinear model of a container ship. Section 3 is devoted to systematic procedures for LOS-CT and concise robust controller design, together with stability proofs. Section 4 provides multi-objective optimization and Pareto-optimal solutions of the control scheme. In Section 5, simulation results and discussion are presented. Section 6 draws the conclusion.
To design control system for roll stabilization, it is necessary to incorporate roll motion to the horizontal plane model, i.e. restoring moment due to gravity and buoyancy must be included. The resulting maneuvering models including roll (surge, sway, yaw and roll) have been concluded in [4, 10] . Thereinto, a four degrees of freedom (DOF) nonlinear model of a high speed container ship was proposed by Son and Nomoto [24, 25] , just as shown in Figure 1 . 
Assumption 1. The dynamics between yaw and roll are decoupled in frequency domain. That is to say, the yaw motion caused by rolling is negligible, and vice versa.
Remark 1. Assumption 1 is a common precondition for RRR control in the existing literature. The roll motion and related RRR rudder motion are of higher frequency, compared to yaw motion and regular course control rudder motion, which are typical inertial motions in lower frequency domain. Consequently, the course and RRR controllers can be designed separately in accordance with the additive principle.
Considering Assumption 1 and the container ship with one rudder, u = δ and b = b 11 b 12 b 13 0 0 T , the transfer functions can be derived as follows.
where T i , i = 1, 2, 3, 4 are time constants, K φ and K ψ are speed-related gains in rolling and yawing, ξ is the rolling damping coefficient, and ω φ is the rolling natural frequency. (3) and (4) are of typical navigation significance. However, it is obvious that the controller design based on the upper model has higher order.
Remark 2. The parameters of Equations
It is well known that the Nomoto model in Equation (5) is widely used in the course autopilot design, and the practical applications show that it can express the inertial response of the course to the rudder simply and effectively, as indicated in Figure 2 .
The roll response to rudder motion indicated in Figure 2 is divided into three typical parts, such as initial inward heeling, outward heeling in turning and roll oscillation [1, 10] . RRR has been an effective method to stabilize roll amplitude using the initial inward heeling. Therefore, the control object model of rudder roll reduction can be simplified as Equation (6). T i = are time constants, K φ and K ψ are speed-related gains in rolling and yawing, ξ is the rolling damping coefficient, and φ ω is the rolling natural frequency. (3) and (4) are of typical navigation significance. However, it is obvious that the controller design based on the upper model has higher order.
It is well known that the Nomoto model in Equation (5) is widely used in the course autopilot design, and the practical applications show that it can express the inertial response of the course to the rudder simply and effectively, as indicated in Figure 2 . 
Design of Concise Robust Path-Following Control with RRR
To accomplish the PFA-RRR control design in field of marine practice, a novel guidance system is proposed to achieve better economic and safety performances in Section 3.1, and then one develops concise course and RRR control laws based on Backstepping for underactuated ships in Equation (1), whose parameters have typical physical meaning, and a method of parameter determination is given. The control flow is shown in Figure 3 , and a selector switch is used to open or close the RRR. The roll response to rudder motion indicated in Figure 2 is divided into three typical parts, such as initial inward heeling, outward heeling in turning and roll oscillation [1, 10] . RRR has been an effective method to stabilize roll amplitude using the initial inward heeling. Therefore, the control object model of rudder roll reduction can be simplified as Equation (6). (5) and (6) have obvious physical significance, which is beneficial to the adaptive adjustment of parameters.
To accomplish the PFA-RRR control design in field of marine practice, a novel guidance system is proposed to achieve better economic and safety performances in Section 3.1, and then one develops concise course and RRR control laws based on Backstepping for underactuated ships in Equation (1), whose parameters have typical physical meaning, and a method of parameter determination is given. The control flow is shown in Figure 3 , and a selector switch is used to open or close the RRR. 
Guidance System for Underactuated Ships
As shown in Figure 4 , the purpose of the traditional guidance principle is to provide desired waypoints-based planned routes for marine ships [5, 6, 13] . The most used method at present is LOS, which can simulate the pilot's vision field to determine the specific track tracking points. However, in marine practice, path planning will set a track error, thus forming a track-belt, if the ship is sailing within the track-belt, course-keeping can ensure the safety of navigation with less rudder movements, otherwise it is necessary to correct the track error, as shown in Figure 4 
As shown in Figure 4 , the purpose of the traditional guidance principle is to provide desired waypoints-based planned routes for marine ships [5, 6, 13] . The most used method at present is LOS, which can simulate the pilot's vision field to determine the specific track tracking points. However, in marine practice, path planning will set a track error, thus forming a track-belt, if the ship is sailing within the track-belt, course-keeping can ensure the safety of navigation with less rudder movements, otherwise it is necessary to correct the track error, as shown in Figure 4 . The advantage of this design is that both navigation safety and economy have been considered. For indirect straight-line path-following, LOS guidance principle is often incorporated with course-keeping autopilot to solve the way-point ship path following control problem. Consequently, an indirect path following system based on LOS with course-keeping in track-belt is brought up. Given the track error d and the range of track belt E r , the set course ψ d is defined as follows
where α d is the drift angle, WP 1 , WP 2 , · · · WP i−1 , WP i are the waypoints in marine practice, ψ WP i−1 WP i is the direction angle from WP i−1 to WP i , and ψ LOS is defined by LOS guidance as the set course ψ SP from point S to point P shown in Figure 4 . They can be obtained as the following:
ψ from point S to point P shown in Figure 4 . They can be obtained as the following:
As shown in Figure 4 , ( )
x y is the ship's position, ( ) P P , x y is the cross position coordinates of the planned route and the vision field arc in LOS, which depends on the radius of the visual field LOS R . To obtain faster track error convergence, a variable LOS R is adopted to obtain faster track error convergence, as shown in Equation (9) . Furthermore, when the ship enters the range of next waypoint within the turning radius w r , it is switched to the next route, and w r is set as 2L, with L the ship's length. The validity and superiority of the LOS-CT are proven Section 5. LOS-CT guidance performs as well as LOS near the waypoints. It is worth pointing out that LOS-CT reduces the rudder movements greatly by keeping the ship in track-belt rather than following the route.
Control Design
In accordance with Assumption 1 and Remark 1, separate control scheme applies two concise robust controllers to execute the path-following and roll stabilization by altering the rudder deflection, which is a recommended method [14, 15] . One is combined with the LOS-CT guide system for path-following and the other is used for roll stabilization. Consequently, the resultant rudder angle δ for path-following and roll reduction is expressed as As shown in Figure 4 , (x S , y S ) is the ship's position, (x P , y P ) is the cross position coordinates of the planned route and the vision field arc in LOS, which depends on the radius of the visual field R LOS . To obtain faster track error convergence, a variable R LOS is adopted to obtain faster track error convergence, as shown in Equation (9) . Furthermore, when the ship enters the range of next waypoint within the turning radius r w , it is switched to the next route, and r w is set as 2L, with L the ship's length.
The validity and superiority of the LOS-CT are proven Section 5. LOS-CT guidance performs as well as LOS near the waypoints. It is worth pointing out that LOS-CT reduces the rudder movements greatly by keeping the ship in track-belt rather than following the route.
In accordance with Assumption 1 and Remark 1, separate control scheme applies two concise robust controllers to execute the path-following and roll stabilization by altering the rudder deflection, which is a recommended method [14, 15] . One is combined with the LOS-CT guide system for path-following and the other is used for roll stabilization. Consequently, the resultant rudder angle δ for path-following and roll reduction is expressed as where u c and u r are used for course control and RRR, respectively.
Concise Course Control Based on Backstepping
Theorem 1. Considering the ship course keeping system in Equation (5), the proposed algorithm in Equation (11) based on the Backstepping method is capable of stabilizing the yaw motion and guaranteeing the uniformly asymptotic stability of the closed-loop course system.
where the course deviation e c = ψ − ψ d , k c1 , k c2 are positive design parameters.
Proof. Set x c1 = ψ , x c2 = r , and then one can get the transformed model of Equation (5).
where
, which is a linear function. Define z c1 = x c1 − ψ d and z c2 = x c2 − α(z c1 ) , and then one can get
and .
α(z c1 ) = .
.
where k c1 > 0 is one design constant. Substituting Equation (14) into Equation (13), one can get
Considering the following Lyapunov function candidate
To guarantee .
V c ≤ 0, one can choose the actual control function as follows
where k c2 > 0 is another design constant. Substituting Equation (19) into Equation (18), one can get
In accordance with Lyapunov stability theory, the course control system can be stabilized by the control law in Equation (19) , and all the variables in course control loop are of uniformly asymptotic stability with an equilibrium point [x c1 ,
Appl
Setting the reference course as ψ d and .. ψ d = 0, and substituting Equation (15) into Equation (19) , the control law is transformed into Equation (21) . It is obvious that the essence of the above Backstepping control design is to compensate and stabilize f (x c2 ) with a PD-type control law υ c .
This ends the proof of Theorem 1.
Concise RRR Control Based on Backstepping
Theorem 2. Considering the ship RRR system in Equation (6), the proposed algorithm in Equation (22) based on the Backstepping method is capable of stabilizing the roll motion and guaranteeing the uniformly asymptotic stability of the closed-loop RRR system.
where the roll angle deviation e r = φ − φ d , k r1 , k r2 are positive design parameters.
Proof. Set x r1 = φ , x r2 = p, and then the roll motion model in Equation (6) is rewritten as follows
where y r ∈ R, b r = K φ ω 2 φ , g(x r2 ) = − 2ξω φ x r2 + ω 2 φ x r2 dt , which is a nonlinear function of x r2 . Define z r1 = x r1 − φ d and z r2 = x r2 − β(z r1 ), and then one can get
and
Substituting Equation (25) into Equation (24), one can get
Then, one can get the time derivative of V r
V r ≤ 0, actual control function is chosen as follows
Substituting Equation (30) into Equation (29), one can get
In accordance with Lyapunov stability theory, the RRR control system can be stabilized by the control law in Equation (30), and all the variables in RRR control loop are of uniformly asymptotic stability with an equilibrium point [x r1 ,
Substituting Equation (26) into Equation (30), the control law is transformed into Equation (32).
This ends the proof of Theorem 2. (21) and (32) based on Backstepping are to compensate the system's linearity or nonlinearity and to stabilize the control loops by PD controllers υ c and υ r . Furthermore, the aforementioned consideration leads to a control law with concise form which is applicable for linear and nonlinear systems. However, the design parameters of k c1 , k c2 , k r1 , k r2 can only be obtained by trial and error, which are of little engineering significance and difficult to be determined for robust and optimal performances.
Remark 3. The essences of the separate control laws in Equations

Control Parameters Determining
To guarantee the robust performance of the aforementioned control laws, a novel method to determine the design parameters is developed in this section. By virtue of the first-order CGSA [11, 26, 27] , a simple linear robust controller υ is obtained as following.
where 1/T L stands for the natural frequency of the control loop. For course control loop, it should be smaller than the interference band, i.e., the frequency band of wave 0.3-1.25 rad/s. For RRR control loop, 1/T L is recommended to be the natural frequency of ship roll motion, which can be estimated by empirical formula. Obviously, the transfer function models in Equations (5) and (6) are strictly rational proper fraction function, with a standard form as Equation (35). It is noteworthy that engineering control objects can usually be transformed into the form as Equation (35) by model reduction or Bode plots approximation. Then, a typical PID controller is obtained by substituting Equation (35) into Equation (34).
where a 0 , a 1 , a 2 and b are constant coefficients.
Based on Theorems 1 and 2, the course and RRR control loops are uniformly asymptotic stable at set course ψ d and roll angle φ d respectively. That is to say, the steady-state errors satisfy lim t→∞ e c (t) = 0 and lim t→∞ e r (t) = 0. Consequently, the integral control parameter K i can be ignored. Then, Equation (36) can be rewritten as Equation (37).
Defining 1/T Lc , 1/T Lr as the natural frequency of course and RRR loops, respectively, and substituting the parameters of Equations (5) and (6) into (37), one can get
Comparing Equations (38) and (39) with Equations (21) and (32), one can obtain the design parameters by solving the equation sets as follows
By virtue of ship maneuvering empirical knowledge and the first-order CGSA, the design parameters k c1 , k c2 , k r1 , k r2 can be exactly determined in accordance with system parameters K, T, K φ , ξ, ω φ , T Lc , T Lr , which have clear physical significance and domains. However, the optimal performances in different loading status or sea conditions cannot be guaranteed.
Multi-Objective Optimization Based on NSGA-II
Based on above control design, a PFA-RRR is developed with obvious engineering significance. However, the practical application of PFA-RRR is still trapped in the restrictions caused by the model perturbation, external disturbance and the performance trade-off (see Figure 5 ). To achieve optimal performances and solve the trade-offs among them, multi-objective optimization is recommended to get the control parameter strategy library by off-line optimization in this note.
Multi-objective optimization methods have been applied to solve many engineering problems. One of the most prominent Pareto evolutionary algorithms is NSGA-II. To achieve the optimal performances, multi-objective optimization based on NSGA-II [28, 29] is firstly used to solve the set of Pareto-optimal solutions of the aforementioned design parameters, and each solution represents an optimal feasible control strategy that cannot be outrun by any other considering all criteria.
Based on above control design, a PFA-RRR is developed with obvious engineering significance. However, the practical application of PFA-RRR is still trapped in the restrictions caused by the model perturbation, external disturbance and the performance trade-off (see Figure 5) . To achieve optimal performances and solve the trade-offs among them, multi-objective optimization is recommended to get the control parameter strategy library by off-line optimization in this note. Multi-objective optimization methods have been applied to solve many engineering problems. One of the most prominent Pareto evolutionary algorithms is NSGA-II. To achieve the optimal performances, multi-objective optimization based on NSGA-II [28, 29] is firstly used to solve the set of Pareto-optimal solutions of the aforementioned design parameters, and each solution represents an optimal feasible control strategy that cannot be outrun by any other considering all criteria.
Three criteria are considered for the optimization. The minimum track error and roll amplitude are the most important control objectives. However, there is an obvious trade-off between them. On the other hand, the minimum movement of steering gear is considered as another criterion. The criteria are defined as follows Three criteria are considered for the optimization. The minimum track error and roll amplitude are the most important control objectives. However, there is an obvious trade-off between them. On the other hand, the minimum movement of steering gear is considered as another criterion. The criteria are defined as follows min(
where f d , f φ , f δ stands for the root mean square (RMS) values of d i , φ i , δ i . N s is the sample number. Constraints are as follows.
The problem is considered for searching the optimal control strategies of PFA-RRR as a Pareto-front. NSGA-II is used to find the optimal solutions set. Figure 6 illustrates the Pareto optimal set distribution, which appears two typical bands. Firstly, the path following performance varies from 2 to 4 m with a 0.5 • perturbation of roll angle and rudder movement. Secondly, when the roll reduction rate doubles, the track error only increases 0.2 m with a triple rudder movement.
The problem is considered for searching the optimal control strategies of PFA-RRR as a Paretofront. NSGA-II is used to find the optimal solutions set. Figure 6 illustrates the Pareto optimal set distribution, which appears two typical bands. indicates the trade-off between the two is little and tolerable. Note that, the trade-off between RRR and course is obvious [14] [15] [16] but does not pass on to the indirect path following control with RRR. On the other hand, the performance of RRR is directly related to the rudder servo movements, and higher RRR rate results in greater weight in rudder movement. In other words, using the proposed control strategies, the rudder can achieve both good tracking accuracy and high RRR rate with a substantial increase in rudder movements.
Simulation Examples
Configurations
In this section, simulation examples are presented to illustrate the effectiveness of the control scheme in fields of marine practice. Based on the LOS-CT guidance system in Section 3.1, the planed route consists of waypoints WP1 (0, 0), WP2 (8000, 8000), WP3 (16,000, 0), WP4 (18,000, 11,000), WP5 (8000, 19,000), and WP6 (−2000, 11,000), with the unit m. To study the application value of the proposed control schemes on widely merchant ships, the simulation object is a container ship "SR108", which is defined in Section 2. As shown in Figure 1 In the simulation experiments, the impact of the wind on the ship course can be divided into two parts: the mean wind and the fluctuating wind. The fluctuating wind is stochastic, which is 
Remark 4.
The performance perturbation between f d and f φ is limited to a small positive amount, which indicates the trade-off between the two is little and tolerable. Note that, the trade-off between RRR and course is obvious [14] [15] [16] but does not pass on to the indirect path following control with RRR. On the other hand, the performance of RRR is directly related to the rudder servo movements, and higher RRR rate results in greater weight in rudder movement. In other words, using the proposed control strategies, the rudder can achieve both good tracking accuracy and high RRR rate with a substantial increase in rudder movements.
Simulation Examples
Configurations
In this section, simulation examples are presented to illustrate the effectiveness of the control scheme in fields of marine practice. Based on the LOS-CT guidance system in Section 3.1, the planed route consists of waypoints WP 1 (0, 0), WP 2 (8000, 8000), WP 3 (16,000, 0), WP 4 (18,000, 11,000), WP 5 (8000, 19,000), and WP 6 (−2000, 11,000), with the unit m. To study the application value of the proposed control schemes on widely merchant ships, the simulation object is a container ship "SR108", which is defined in Section 2. As shown in Figure 1 Detailed hydrodynamic force derivatives can be found [2, 3] .
In the simulation experiments, the impact of the wind on the ship course can be divided into two parts: the mean wind and the fluctuating wind. The fluctuating wind is stochastic, which is considered as white noise [30] . In marine practice, the effect of mean wind is taken as leeway drift, which can be expressed by an equivalent rudder angle δ ld as follows.
where C ld denotes the leeway drift coefficient, S w denotes the wind speed, and α w denotes the relative wind angle. The wind force is set to Beaufort No. 6, S w is about 12 m/s, the set value of C ld is 0.05, and α w is 000 • . The influence of current on ship's position and speed can be defined as Equation (45), with the current speed U c 2 kn and the current direction α c 225 • .
The wave-induced roll motion is produced by Pierson-Moskowitz (PM) spectrum driven by white noise. Supposing y w = x w2 = .
x w1 , one can obtain the wave-induced rolling as follows . 
As shown in Figure 7 , the sea state is set to 5, the significant wave height H is about 2.5 m, the wave encountering frequency T −1 e is 0.8378 rad/s, the damping ratio ξ is 0.05, and the wave strength factor K w is H/1000. is 0.05, and w α is 000°. The influence of current on ship's position and speed can be defined as Equation (45), with the current speed c U 2 kn and the current direction c
The wave-induced roll motion is produced by Pierson-Moskowitz (PM) spectrum driven by white noise. Supposing As shown in Figure 7 , the sea state is set to 5, the significant wave height H is about 2.5 m, the wave encountering frequency The controllers in Section 3 are optimized by a real-coded NSGA-II, with the population size 100, mutation operator 20, crossover operator 20, and initial searching spaces [0.01 100]. The stopping generation number 100. The optimization results are illustrated by Pareto optimal set distribution in Figure 6 , and a parameter set is selected with the smallest d and φ , and highest rudder movements δ .
Due to the high cost and difficulty of the actual ship verification, the nonlinear ship model in Section 2 is implemented to test the effectiveness of the proposed control schemes. The roll reduction rate is defined as follows The controllers in Section 3 are optimized by a real-coded NSGA-II, with the population size 100, mutation operator 20, crossover operator 20, and initial searching spaces [0.01 100]. The stopping generation number 100. The optimization results are illustrated by Pareto optimal set distribution in Figure 6 , and a parameter set is selected with the smallest d and φ, and highest rudder movements δ.
Due to the high cost and difficulty of the actual ship verification, the nonlinear ship model in Section 2 is implemented to test the effectiveness of the proposed control schemes. The roll reduction rate is defined as follows
where φ nrrr is the STD value of original wave-induced roll motions, and φ rrr is the STD value of roll motions after the actuation of RRR. To further study the robustness and effectiveness of the control system in response to different sea conditions, more simulation tests have been done in different sea states with wave-induced maximum roll angle ranging from 10 to 35 • .
Simulation Results and Discussion
The simulation results of the PFA with RRR in a seaway are shown in Figures 8-10 , which indicate that the proposed scheme can achieve good performances of path following, course changing, course keeping and roll reduction. Figure 8 shows the test routes in X-Y plane. It illustrates that the PFA with RRR control is well established despite the existence of model perturbation and sea state disturbances. Figure 9 indicates the contrast experimental results of LOS-CT and LOS between WP 1 and WP 2 . Figure 10 demonstrates the position errors, course angles, roll angles and the rudder efforts. For the motions before and after the RRR is activated, the comparative analysis is carried out according to the two stages of the track maintenance and the turning near the waypoints, as shown in Table 1 . During the path following stage, the LOS-CT scheme and course controller performs well with an energy-efficient steering gear input. As shown in Figure 9 , the LOS-CT guidance reduces the rudder movements 48.7% under the guarantee of path following accuracy. When the RRR is activated, the roll amplitude is reduced by 48.5% with about 10 times rudder movement, and both the track error and the course error have increased by nearly fivefold, but they are all within the rational range of navigation practice. During the ship's turning near the waypoints, the system responses quickly with a reasonable steering mode, the track and course show certain overshoots. Although the roll reduction is negligible because of the outward heeling in turning, the activation of RRR attenuates the overshoots of track and course greatly by 47.6% and 94.9%, respectively. Furthermore, it can be seen from the variation chart of ship speed that, when the ship turns, there is obvious speed drop, and when the RRR is turned on, the turning speed drop is reduced, while the speed drop of the path following stage appears.
As shown in Table 2 , the control performances of PFA-RRR in different sea states prove the robustness and effectiveness. When the wave-induced disturbances get bigger, the accuracy of track tracking is worse, the rudder roll reduction is better in less than 30 • , and the rudder movements increases gradually. It is noted that the reduction rate is significant but decreases when the maximum roll angle reaches 35 degrees. 
Conclusions
This paper focuses on the optimal path following autopilot with rudder roll reduction control in the field of marine practice. An improved LOS-CT guidance law is developed to solve the practical waypoint based path following problems, and then concise robust course and RRR control laws based on Backstepping are proposed for underactuated ships with stability proofs and determination method of parameters. Furthermore, multi-objective optimization method NSGA-II is used to achieve optimal performances and solve the trade-offs among them, and the Pareto-optimal solutions reveal the detailed trade-offs, especially the trade-off between RRR and rudder motion, which has severely restricted the promotion of RRR. Contrasting with existing literature, the research strategy and control performance are more in line with marine engineering practice. Simulation results have illustrated the performances and effectiveness of the proposed system. 
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